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Abstract
Geometric part deviations, which are inevitably observed on every manufactured workpiece, have distinct eﬀects on the assemblability as well as
on the function and quality of physical artefacts. As a consequence, geometric variations management is an important issue for manufacturing
companies. However, assessing the eﬀects of form deviations already in virtual product realization remains an important challenge. This paper
illustrates and summarizes the current status and development trends of the Skin Model Shape paradigm, which provides an operationalization
and a digital representation of the Skin Model concept for modelling product shape variability and hence may serve as a comprehensive model for
computer-aided variations management.
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1. Introduction
In times of ﬁerce international competition and high require-
ments on the quality of mechanical products, there exists a ne-
cessity for companies to manage geometric variations along the
whole product life-cycle as they distinctly aﬀect the function
and quality of mechanical assemblies [1]. In order to perform
this within time and costs, computer-aided tolerancing tools
support product and process development by enabling the early
prediction of the eﬀects of geometric part deviations on assem-
bly characteristics without the need for cost and time expensive
physical mock-ups. However, these established tools and their
underlying mathematical approaches for the representation of
geometric deviations, geometric speciﬁcations, and geometric
requirements imply severe shortcomings regarding the consid-
eration of form deviations and lack of a full conformance to in-
ternational standards for the geometrical product speciﬁcation
and veriﬁcation (GPS). With the aim to overcome these draw-
backs, the concept of Skin Model Shapes has been developed,
which is based on the Skin Model as a core concept of modern
GPS standards and employs discrete geometry representation
schemes for the representation of part geometry considering all
diﬀerent kinds of geometric deviations.
The aim of this paper is to present the current status as
well as prospects and development trends regarding this model,
where the main contribution lies in the comprehensive summary
of the current development status. In this context, particularly
the usefulness of Skin Model Shapes for the tolerance analysis
is highlighted. The paper is structured as follows. In the next
section, a brief state of the art regarding the virtual representa-
tion of geometric deviations and tolerances for computer-aided
tolerance analysis with a focus on the consideration of form de-
viation modelling is given. Thereafter, the evolution as well
as the fundamentals of the concept of Skin Model Shapes are
presented. Following this, the current development status re-
garding the tolerance analysis based on this novel concept is
highlighted and the results for an illustrative case study are dis-
cussed. Subsequently, future prospects and development trends
are illustrated. Finally, a conclusion and an outlook are given.
2. Related Work
The modelling of product geometry employing computer
models has gained vast attention during the last decades and
the functionalities of modern computer-aided design tools have
steadily increased. However, the underlying mathematical
models for the representation of part geometry in these tools
are suitable for modelling nominal part geometry, but imply
shortcomings regarding the representation of form deviations,
which are inevitably observed on every manufactured part. This
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also holds for most of the established approaches for the toler-
ance analysis such as the Small Displacement Torsor (SDT) [2],
solid oﬀsets [3], vector loops [4] and based thereon the direct
linearization method [5], Deviation Domains [6], Polytopes [7],
and T-Maps R© [8], where their main shortcomings are the insuf-
ﬁcient consideration of form deviations and the lacking confor-
mance to international standards for the GPS [1,9].
However, the researches on form deviations modelling have
adapted two main approaches. The so-called decomposition
or separation methods use signal processing theories and spec-
tral methods such as Direct Cosine Transfom, Discrete Fourier
Transform, and Discrete Modal Decomposition to represent
form deviations and errors as the ﬁrst variation modes [10–
12]. Despite their broad usefulness, they are limited to simple
shapes such as planes and cylinders. Taubin [13], Vallet and
Le´vy [14] addressed spectral decomposition methods for gen-
eral topological manifolds and used the Laplace-Beltrami Op-
erator to solve the problem. This approach is also well adapted
to discrete shapes and mesh-based representations. The other
approaches for form deviations modelling use a deformation of
morphing models to represent form deviations and errors [15].
The deformation can follow a physical law (elastic deforma-
tion, mass-spring, particle systems,...) or geometric considera-
tions. Mesh deformation or morphing methods have been de-
veloped for non-rigid part tolerance analysis using free form
deformation approaches [15] and FEA methods [16,17]. Other
researches highlighted the non-deterministic or stochastic na-
ture of form errors and deviations from the consideration of
manufacturing processes and measurement characteristics [18].
Variability Analysis and reduction techniques such as Principal
Component Analysis (PCA) have also been used to establish
analytical models that highlight form deviations [19–22]. More
recently, Statistical Shape Analysis techniques have been used
to represent diﬀerent kinds of geometric deviations from the
observation and measurement of manufacturing processes and
from simulation [23–25].
3. The Concept of Skin Model Shapes
As a response to the shortcomings of established models for
the computer-aided modelling and representation of part ge-
ometry considering geometric deviations, the concept of Skin
Model Shapes has been developed [25,26]. It is based on the
Skin Model, which is a fundamental concept of modern stan-
dards for the geometrical product speciﬁcation and veriﬁcation
and can be regarded as a model of the physical interface be-
tween a part and its environment [27]. The Skin Model concept
was developed by Ballu and Mathieu [28] and is a purely con-
ceptual, inﬁnite model in order to allow the consideration of all
kinds of geometric deviations and to enable the unambiguous
deﬁnition of geometrical speciﬁcations.
As the Skin Model is an inﬁnite model in order to allow
the consideration of all diﬀerent kinds of geometric deviations,
it can neither be identiﬁed nor simulated. In contrast to that,
Skin Model Shapes are speciﬁc outcomes of the Skin Model
employing discrete geometry representation schemes, such as
point clouds and surface meshes, which can hence serve as part
representatives in simulations and virtual mock-ups. The dif-
ference between the nominal model, the Skin Model, and the
concept of Skin Model Shapes can be seen from Fig. 1.
Nominal Model Skin Model
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Physical Part
Skin Model
Shapes
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From ﬁnite
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Fig. 1. The Skin Model and the Concept of Skin Model Shapes.
4. The Current Status of the Skin Model Shape Paradigm
for Tolerance Analysis
The concept of Skin Model Shapes is a quite novel approach
for the representation of part geometry considering geometric
deviations. As it enables the representation of parts and assem-
blies considering deviations at diﬀerent levels, such as macro,
micro, or nano, it can be used for many applications in the con-
text of virtual product realisation. However, as tolerance anal-
ysis is a key tool for supporting the tolerancing activities in de-
sign [26], the focus of ongoing research works is to enable the
tolerance analysis based on Skin Model Shapes. In the follow-
ing, the main procedure for the tolerance analysis based on Skin
Model Shapes is highlighted and every stage of this procedure
is detailed. The case study comprises three parts as can be seen
from Fig. 2, where a beam is positioned on a base part ac-
cording to a 3-2-1 positioning scheme [29] (three-point move
in negative z-direction, two-point move in negative x-direction,
and one-point move in positive y-direction), and a pin is assem-
bled to the beam with “best-ﬁt” condition. The single parts are
speciﬁed by geometric tolerances and dimensional tolerances
with material modiﬁer as can be seen from Fig. 2 and the func-
tional key characteristic of the assembly is the position devia-
tion pos of the pin with reference to the datum system spanned
by the base part. Worst-case and statistical tolerance analyses
for the case study have been performed with and without con-
sideration of form tolerances, respectively. For the worst-case
analyses, the parts conform to the (maximum) speciﬁed tol-
erances but are randomly assembled, whereas Gaussian input
probability densities for the tolerances as can be seen from Fig.
3 have been assumed for the statistical analyses. The procedure
of the tolerance analysis based on Skin Model Shapes as well
as the results of the analyses are highlighted and discussed in
the following sections.
4.1. Procedure for the Tolerance Analysis based on Skin Model
Shapes
The tolerance analysis based on Skin Model Shapes can
roughly be divided in a pre-processing, a processing, and a
post-processing stage [30] (see Fig. 4). In the pre-processing
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Fig. 2. Case Study: Functional Key Characteristic of the Assembly (top left), Part Measures (top right), and speciﬁed Geometric Tolerances (bottom).
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Fig. 3. Input Probability Densities for the diﬀerent Tolerances.
stage, Skin Model Shapes of single parts are generated, which
are then processed to compute the assembly positions and the
motion behaviour in the processing stage. Finally, in the post-
processing stage, the assemblies are evaluated regarding the
contact quality, the functional key characteristics are measured
from the resulting assemblies, and the results are visualised and
interpreted. In the following, the current development status in
each of these stages is highlighted and the results for the analy-
sis of the case study are discussed.
SMS
Generation
& Scaling
Pre-Processing
Assembly
& Mobility
Simulation
Processing
Contact &
Conformance
Evaluation
h
Post-Processing
Fig. 4. Procedure of the Tolerance Analysis based on Skin Model Shapes.
4.2. Pre-Processing: Generation and Scaling of Skin Model
Shapes
In order to perform a tolerance analysis, ﬁrstly Skin Model
Shapes have to be generated. In early stages of virtual product
realisation, this is performed based on predictions about the ex-
pected part deviations. In this regard, systematic part deviations
can be modelled e. g. using second order shapes (quadrics) [25]
or Fourier series [31]. Moreover, random geometric deviations,
which are added to the systematic part deviations, can be simu-
lated by Gaussian random ﬁelds [25,32] or similar approaches.
In contrast to that, at least few observations of parts with ge-
ometric deviations are available in later design stages, for ex-
ample as a result of manufacturing process simulations or part
prototypes. These few observations can be used to extract the
systematic as well as random geometric deviations by statistical
shape analysis or other decomposition methods, such as natural
mode decomposition, and to ﬁnally obtain a large set of Skin
Model Shapes by sampling on the extracted modes.
As the aforementioned approaches for the generation of
Skin Model Shapes not necessarily lead to part representatives,
which conform to speciﬁed tolerances, the obtained Skin Model
Shapes have to be “scaled” [33] (see Fig. 5). This is performed
using algorithms from computational metrology [34,35] for the
evaluation of geometric tolerances from point clouds, which are
adapted to allow the manipulation of these point clouds, so that
they conform to pre-deﬁned tolerance speciﬁcations [33]. In
this context, the concept of Skin Model Shapes allows the pro-
cessing of points according to GPS standards [36].
In order to illustrate the results of the part scaling, the par-
allelism tolerance of the base part (∗) in Fig. 2 is considered.
Fig. 6 shows the introduced orientation defects around the x-
and y-axis as components of the Small Displacement Torsor [2]
rx and ry for the toleranced plane feature according to Fig. 2.
It can be seen, that a regular rhombus is obtained for the worst-
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Fig. 5. Generation and Scaling of Skin Model Shapes.
case where the form deviations of the feature are nil, whereas
an irregular rhombus results when form deviations are consid-
ered. This is because the parallelism tolerance zone comprises
the form deviations according to GPS standards. Thus, the al-
lowed orientation defects (i. e. feature rotations) are decreased
by the form deviations of the plane feature. Furthermore, ir-
regular rhombi are obtained when considering Gaussian input
probabilities for the tolerances for the analysis with as well as
without form tolerance considerations, respectively. Again, it
can be seen, that the obtained rhombus for the case where form
deviations are considered is slightly smaller than for the case
where the form deviations are nil, since the form deviations de-
crease the allowed orientation defects.
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Fig. 6. Introduced Orientation Defects for the Parallelism Tolerance (∗) with
and without consideration of Form Tolerances. Top shows the Worst-Case
Computation, Bottom the Analysis with Gaussian Input Densities.
4.3. Processing: Assembly and Mobility Simulation
As the Skin Model Shapes have been generated and scaled,
they have to be assembled according to the positioning scheme.
In order to perform this, two approaches have been developed,
where the ﬁrst one employs the diﬀerence surface between two
mating parts to calculate the contact points in a speciﬁed as-
sembly direction, whereas the relative positioning problem is
formulated as a constrained registration problem and solved us-
ing mathematical optimization in the second approach [30,37].
The relative positioning approach based on the diﬀerence sur-
face identiﬁes the contact points between two parts from their
diﬀerence surface (see Fig. 7) and enables the assembly simula-
tion for a 3-2-1 positioning scheme by iteratively repeating the
single assembly steps [37]. In contrast to that, the constrained
registration approach uses mathematical optimization methods
to minimize the sum of projected distances between the set of
points in the moving part and their correspondences in the mat-
ing part (see Fig. 8), such that these projected distances do not
take negative values. This approach is well suited for the as-
sembly simulation of best-ﬁt conditions, as for example loose
ﬁts [37]. In the studied example, the 3-2-1 positioning of the
beam onto the base part is simulated using the diﬀerence sur-
face approach, whereas the assembly of the pin in the beam
is performed employing the constrained registration approach.
A resulting assembly of the case study considering form toler-
ances can be seen from Fig. 9.
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Fig. 7. Relative Positioning of the Beam on the Base Part employing the Dif-
ference Surface Approach: The Diﬀerence Surface is obtained by mapping
the Part Distances d along the Assembly Direction (negative z-direction in the
global coordinate system according to Fig. 2) onto the Point Coordinates. Its
Convex Hull is then intersected with the Assembly Vector F to identify the
Contact Points.
Fig. 8. Correspondences of the Pin in the Beam (Non-Interference) for the
Relative Positioning using the Constrained Registration Approach.
The proposed approaches for the assembly simulation of
Skin Model Shapes can be applied for the tolerance analysis of
static assemblies, but can also be used for the motion toleranc-
ing by quasi-statically repeating the assembly simulation with
varying initial part positions. Furthermore, purpose-developed
approaches for the contact simulation [38] or the tooth contact
analysis [32] have been developed and can be used for the tol-
erance analysis of mechanism employing Skin Model Shapes.
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Fig. 9. Resulting Assembly of the Case Study with magniﬁed Form Deviations.
4.4. Post-Processing: Comparison for Conformance and Con-
tact Quality Evaluation
Similarly to the evaluation of geometric deviations on the
part level, the evaluation of functional key characteristics from
the simulated assemblies is performed using approaches from
computational geometry. In this context, the Skin Model Shape
paradigm enables the facile measurement of geometric assem-
bly characteristics as well as of physically relevant measures,
such as minimal gaps or maximal distances. Furthermore, the
contact quality between the assembled parts can be evaluated
using point projection methods to obtain the projected distances
between the parts, which are then analysed [37].
The resulting kernel density estimates of the functional key
characteristic pos for the case study can be seen from Fig. 10,
where it can be found that the consideration of form deviations
leads to a slightly increased position deviation pos in both the
worst-case as well as the statistical analysis. This is because the
form deviations, in fact, lead to decreased orientation defects on
the part level (see Fig. 6), but to increased orientation defects on
the assembly level due to irregular contact points between the
parts. This can also be seen from Fig. 11, where the positions
of a selected node on the bottom surface of the pin are shown.
The consideration of form deviations leads to a wider range of
position deviations due to increased orientation defects of the
pin with reference to the base part. The two clusters of points
for the worst-case analysis without form deviations (Fig. 11,
top left) result from the two possible results of the part scaling
for the position tolerances of the base part and the beam (i. e.
minimum part length vs. maximal part length).
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Fig. 10. Probability Densities of the Pin Position pos according to Fig. 2
with (∗) and without Form Tolerances. (G) indicates the statistical Tolerance
Analysis with Gaussian Input Probability Densities.
5. Development Trends and Future Prospects
The concept of Skin Model Shapes origins from the Skin
Model as a fundamental concept in modern GPS standards.
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Fig. 11. Coordinates of a selected Node on the bottom of the Pin in the global
coordinate system (see Fig. 2). Top shows the Results of the Worst-Case and
bottom of the Statistical Tolerance Analysis, Colours indicate the Position De-
viation pos of the respective Sample.
Consequently, the previous research works were dedicated
to modelling and visualizing geometric deviations employing
point-based models, and focused on establishing a tolerance
analysis theory employing this novel concept in order to en-
able the assessment of various kinds of geometric deviations
on assembly and functional requirements in conformance to in-
ternational standards. However, in this context, some issues
need to be investigated more in detail, such as the improved
contact quality evaluation, the tolerance analysis of complex
and compliant parts as well as over-constrained mechanism, the
consideration of thermo-mechanical strains and deformations,
and improved computational methods for the worst-case and
statistical evaluation of the algorithms used in pre-processing
and processing stages. Moreover, approaches for the sensitiv-
ity analysis considering form tolerances are to be developed,
where moment-independent sensitivity indices [39] seem best
suited for capturing the eﬀects of diﬀerent types of tolerances
on functional key characteristics.
Beside this, novel manufacturing processes, particularly pro-
cesses of additive manufacturing, hold challenges for all ac-
tivities of geometric variations management, such as the toler-
ance speciﬁcation, analysis, and veriﬁcation [40]. In this re-
gard, the concept of Skin Model Shapes oﬀers vast potential for
the computer-aided support of these activities by providing a
versatile modelling platform.
Beyond that, the concept of Skin Model Shapes may serve
as a basic model for engineering design considering not only
geometric but also other kinds of deviations, such as varying
material properties and wear, in the future.
6. Conclusion and Outlook
The management of geometric deviations along the product
life-cycle is of high importance for modern companies. Thus,
tolerance analysis is a key tool in virtual product realization, as
it allows the early assessment of the eﬀects of geometric de-
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viations on the product quality. In this regard, the concept of
Skin Model Shapes is a novel approach for the computer-aided
representation of product geometry considering all kinds of ge-
ometric deviations.
The aim of this paper was to present the current status of
the Skin Model Shape paradigm for tolerance analysis and to
highlight future prospects and development trends. In this con-
text, it can be found, that the tolerance analysis based on Skin
Model Shapes can be divided in three stages, where diﬀerent
algorithms from computational geometry have been developed
for each of these stages. They allow the generation and scaling
of Skin Model Shapes, which conform to speciﬁed geometric
tolerances, the simulation of their assembly, and the measure-
ment of key characteristics from these assemblies. Based on the
obtained results, it can be found, that the consideration of form
tolerances leads to a more realistic prediction of functional key
characteristics.
However, future research works are required in order to ad-
vance this concept for tolerance analysis and other computer-
aided engineering applications. This will ﬁnally allow the holis-
tic virtual representation of product behaviour considering de-
viations from diﬀerent domains.
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